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ALMOST PERIODICITY IN DIFFERENTIAL

EQUATIONS

Sung Kyu Choi*, Youn Hee Kim**, and Namjip Koo***

Abstract. We study the existence of S-asymptotically ω-periodic
mild solutions of partial functional integrodifferential equation by
the method of Caicedo et al. [2].

1. Introduction

The study of the existence of almost periodic, S-asymptotically ω-
periodic, asymptotically almost periodic, pseudo almost periodic and
almost automorphic solutions is one of the most important topics in the
qualitative theory of differential equations both due to its mathematical
interest as well as due to their applications in physics and mathematical
biology, among areas.

We study the existence of S-asymptotically ω-periodic mild solutions
of the following partial functional integro-differential equation{

u′(t) = Au(t) +
∫ t
0 B(t− s)u(s)ds+ f(t, ut), t ≥ 0,

u0 = ϕ ∈ C = C([−r, 0], X),
(1.1)

where A : D(A) ⊆ X → X is the infinitesimal generator of a C0-
semigroup on a Banach space X, for t ≥ 0, B(t) is a closed linear oper-
ator with domain D(B(t)) ⊃ D(A), C denotes the space of continuous
functions from [−r, 0] to X endowed with the uniform norm topology,
for every t ≥ 0, ut denotes the history function of C defined by

ut(θ) = u(t+ θ),−r ≤ θ ≤ 0,

f : R+ × C → X is a continuous function.
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In [5], the authors established the global existence and blowing up of
the mild solution u : [−r,+∞)→ X which is continuous and satisfies

{
u(t) = R(t)ϕ(0) +

∫ t
0 R(t− s)f(s, us)ds, t ≥ 0,

u0 = ϕ,
(1.2)

where R(t) is the resolvent operator for the linear homogeneous equation

{
v′(t) = Av(t) +

∫ t
0 B(t− s)v(s)ds, t ≥ 0,

v(0) = v0 ∈ X.
(1.3)

Caicedo et al. [2] studied the existence of S-asymptotically ω-periodic
solutions for a class of the equation

{
u′(t) = Au(t) +

∫ t
0 B(t− s)u(s)ds+ g(t, u(t)), t ≥ 0,

u0 = x0 ∈ X,
(1.4)

where g : R+ ×X → X is a suitable function.

Caicedo and Cuevas [1] investigated the existence and uniqueness of
S-asymptotically ω-periodic mild solutions to the abstract partial inte-
grodifferential equation with infinite delay

{
d
dtD(t, ut) = AD(t, ut) +

∫ t
0 B(t− s)D(s, us)ds+ g(t, ut), t ≥ 0,

u0 = ϕ ∈ B,
(1.5)

where D(t, ϕ) = ϕ(0)+f(t, ϕ) and ut belongs to an abstract phase space
B by Hale and Kato [9].

Also, Dimbour and N’Guerekata [4] obtained some results about the
existence of S-asymptotically ω-periodic mild solutions of the equation

{
d
dt [u(t) + f(t, Bu(t))] = Au(t) + g(t, Cu(t)), t ∈ R,
u(0) = 0,

(1.6)

where B,C are two densely defined closed linear operators on X and
f, g are continuous functions.
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2. S-asymptotically ω-periodic mild solutions

It is convenient to introduce notion: For a Banach space X,

C(R+, X) = {x : R+ → X : x is continuous},
Cb(R+, X) = {x ∈ C(R+, X) : sup

t≥0
||x(t)|| <∞},

C0(R+, X) = {x ∈ Cb(R+, X) : lim
t→∞
||x(t)|| = 0},

Cω(R+, X) = {x ∈ Cb(R+, X) : x is ω−periodic}.

We consider Eq. (1.1).{
u′(t) = Au(t) +

∫ t
0 B(t− s)u(s)ds+ f(t, ut), t ≥ 0,

u0 = ϕ ∈ C,

and Eq. (1.3){
v′(t) = Av(t) +

∫ t
0 B(t− s)v(s)ds, t ≥ 0,

v(0) = v0 ∈ X.

In the following Y denotes the Banach space D(A) equipped with the
graph norm defined by

||y||Y = ||Ay||+ ||y||, y ∈ Y.

Definition 2.1 ([6]). A resolvent operator for Eq. (1.3) is a bounded
linear operator valued function R(t) for t ≥ 0 such that

(i) R(0) = I(identity operator) and ||R(t)|| ≤ Me−µt for some con-
stants M > 0 and µ > 0.

(ii) For all x ∈ X, R(t)x is strongly continuous for t ≥ 0.
(iii) For x ∈ Y , R(·)x ∈ C1(R+, X) ∩ C(R+, Y ) and

R′(t)x = AR(t)x+

∫ t

0
B(t− s)R(s)xds

= R(t)Ax+

∫ t

0
R(t− s)B(s)xds, t ≥ 0.

We assume that there exists a unique resolvent operator for Eq. (1.3).

Definition 2.2 ([5]). We say that a continuous function u : [−r,+∞)→
X is a mild solution of Eq. (1.1) if u satisfies{

u(t) = R(t)ϕ(0) +
∫ t
0 R(t− s)f(s, us)ds, t ≥ 0,

u0 = ϕ ∈ C([−r, 0], X).
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Ezzinbi et al. [5] established the following global existence and blow-
ing up of the mild solutions for Eq. (1.1).

Theorem 2.3. Assume that f is locally Lipschitz, i.e.,

||f(t, ϕ1)− f(t, ϕ2)|| ≤ c0(α)||ϕ1 − ϕ2||
for some constant c0(α), for all ϕ1, ϕ2 ∈ C with ||ϕ1||, ||ϕ2|| ≤ α, α > 0.
Then there exist a maximal interval of existence [−r, bϕ) and a unique
mild solution of Eq. (1.1) defined on [−r, bϕ) and either

bϕ = +∞ or lim
t→b−ϕ

sup ||u(t, ϕ)|| = +∞.

Moreover, u(t, ϕ) is a continuous function of ϕ in the sense that if ϕ ∈ C
and t ∈ [0, bϕ), then there exist positive constants k and ε such that, for
ψ ∈ C and ||ϕ− ψ|| < ε, we have

t ∈ [0, bψ) and ||u(s, ϕ)− u(s, ψ)|| ≤ k||ϕ− ψ||, s ∈ [−r, t].

We next recall some concepts concerning almost periodic functions
in [8].

Definition 2.4. A function f ∈ C(R, X) is said to be almost periodic
if for each ε > 0, there exists an l(ε) > 0 such that every interval of
length l(ε) contains a number τ with the property that

||f(t+ τ)− f(t)|| < ε, t ∈ R.
Denote by AP (R, X) the set of such functions.

Definition 2.5. A function f ∈ C(R+, X) is called S-asymptotically
ω-periodic if there exists an ω > 0 such that

lim
t→∞

[f(t+ ω)− f(t)] = 0.

In this case, we say that ω is an asymptotic period of f and that
f is S-asymptotically ω-periodic. Denote by SAPω(X) the set of such
functions.

Definition 2.6. A function f ∈ Cb(R+, X) is called asymptotically
almost periodic if there exist g ∈ AP (R, X) and ϕ ∈ C0(R+, X) such
that f = g + ϕ. Also, f is said to be asymptotically ω-periodic when
g ∈ Cω(R+, X).

Example 2.7. [10] A function f : R+ → R defined by

f(t) = sin(ln(t+ 1)), t ∈ R+,

is S-asymptotically ω-periodic for any ω > 0, but not asymptotically
ω-periodic.
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In the following, W and Z are Banach spaces.

Definition 2.8. A function F ∈ C(R+×Z,W ) is called uniformly S-
asymptotically ω-periodic on bounded sets if F (·, x) is bounded for each
x ∈ Z, and for every ε > 0 and all bounded sets K ⊆ Z there exists
LK,ε ≥ 0 such that

||F (t+ ω, x)− F (t, x)||W ≤ ε, t ≥ LK,ε, x ∈ K.

Definition 2.9. A function F ∈ C(R+ × Z,W ) is called asymptot-
ically uniformly continuous on bounded sets if for every ε > 0 and all
bounded sets K ⊆ Z there exist constants LK,ε ≥ 0 and δK,ε > 0 such
that

||F (t, x)− F (t, y)||W ≤ ε, t ≥ LK,ε,
when ||x− y||Z ≤ δK,ε, x, y ∈ K.

Lemma 2.10. [7] Assume that F : R+ × Z → W is uniformly S-
asymptotically ω-periodic on bounded sets and asymptotically uniformly
continuous on bounded sets. Then

lim
t→∞

[F (t+ ω, u(t+ ω))− F (t, u(t))] = 0.

Lemma 2.11. [7] Let u : R→ X be a continuous function with u0 ∈ C
and u|R+ ∈ SAPω(X). Then the function t→ ut belongs to SAPω(X).

The following result was obtained by Caicedo et al. [2]. For the
completeness we give a proof in detail.

Theorem 2.12. For Eq. (1.4), assume that g : R+ × X → X is
uniformly S-asymptotically ω-periodic on bounded sets and asymptoti-
cally uniformly continuous on bounded sets. Let u ∈ SAPω(X). If there
exists a constant L > 0 such that

||g(t, x)− g(t, y)|| ≤ L||x− y||, t ≥ 0, x, y ∈ X
and LM

µ < 1, then there exists a unique S-asymptotically ω-periodic

mild solution of Eq. (1.4).

Proof. Define the operator Γ : SAPω(X)→ SAPω(X) by

Γu(t) = R(t)x0 +

∫ t

0
R(t− s)g(s, u(s))ds, t ≥ 0.

By Lemma 2.10, g(·, u(·)) belongs to SAPω(X).
Let

v(t) =

∫ t

0
R(t− s)g(s, u(s))ds.
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Then

||v(t)|| ≤
∫ t

0
||R(t− s)||||g(s, u(s))||ds

≤
∫ t

0
Me−µ(t−s)||g(s, u(s))||ds

≤ M

µ

∫ t

0
||g(s, u(s))||ds.

Thus

||v||∞ = sup
t≥0
||v(t)|| ≤ M

µ
||g||∞.

Hence v ∈ Cb(R+, X).
Note that for any ε > 0, there exists T > 0 such that

||u(t+ ω)− u(t)|| ≤ ε, t ≥ T,∫ ∞
T

e−µsds ≤ ε.

Then

v(t+ ω)− v(t)

=

∫ t+ω

0
R(t+ ω − s)g(s, u(s))ds−

∫ t

0
R(t− s)g(s, u(s))ds

=

∫ ω

0
R(t+ ω − s)g(s, u(s))ds+

∫ t+ω

ω
R(t+ ω − s)g(s, u(s))ds

−
∫ t

0
R(t− s)g(s, u(s))ds

=

∫ t+ω

t
R(s)g(t+ ω − s, u(t+ ω − s))ds

+

∫ t

0
R(t− s)[g(s+ ω, u(s+ ω))− g(s, u(s))]ds

=

∫ t+ω

t
R(s)g(t+ ω − s, u(t+ ω − s))ds

+

∫ T

0
R(t− s)[g(s+ ω, u(s+ ω))− g(s, u(s))]ds

+

∫ t

T
R(t− s)[g(s+ ω, u(s+ ω))− g(s, u(s))]ds.

For any t ≥ 2T , we have
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||v(t+ ω)− v(t)||

≤M ||g||∞
∫ t+ω

t

e−µsds+ 2M ||g||∞
∫ t

t−T
e−µsds+ εLM ||u||∞

∫ t−T

0

e−µsds

≤M ||g||∞
∫ t+ω

t

e−µsds+ 2M ||g||∞
∫ t

T

e−µsds+ εLM ||u||∞
∫ t

0

e−µsds

≤ 3M ||g||∞
∫ ∞
T

e−µsds+
LMε

µ

= M(3||g||∞ +
L

µ
||u||∞)ε.

Therefore Γ ∈ SAPω(X) since R(·)x0 ∈ SAPω(X).
Now, we show that Γ is a contraction. For u1, u2 ∈ SAPω(X),

||Γu1(t)− Γu2(t)|| ≤
∫ t

0
||R(t− s)[g(s, u1(s))− g(s, u2(s))]||ds

≤ LM
∫ t

0
e−µ(t−s)||u1(s)− u2(s)||ds

≤ LM

µ
||u1 − u2||∞.

Since LM
µ < 1, Γ is a contraction. Hence there exists a unique fixed

point u of Γ and u is the S-asymptotically ω-periodic mild solution of
Eq. (1.4).

Now, we investigate the existence of S-asymptotically ω-periodic mild
solutions of Eq. (1.1).

Lemma 2.13. Assume that f : R+×C → X is uniformly S-asymptotically
ω-periodic on bounded sets and asymptotically uniformly continuous on
bounded sets. If u ∈ SAPω(X), then

v(t) =

∫ t

0
R(t− s)f(s, us)ds

belongs to SAPω(X).

Proof. We have

||v||∞ ≤ sup
t≥0

∫ t

0
Me−µ(t−s)||f(s, us)||ds

≤ M

µ
||f ||∞ < +∞.

It follows that v ∈ Cb(R+, X).
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Note that the function t → ut and f(s, us) belong to SAPω(X) by
Lemmas 2.10 and 2.11. For every ε > 0, there exists T > 0 such that

||u(t+ ω)− u(t)|| ≤ ε, t ≥ T,∫ ∞
T

e−µsds ≤ ε.

Then

v(t+ ω)− v(t)

=

∫ t+ω

0
R(t+ ω − s)f(s, us))ds−

∫ t

0
R(t− s)f(s, us)ds

=

∫ ω

0
R(t+ ω − s)f(s, us)ds+

∫ t+ω

ω
R(t+ ω − s)f(s, us)ds

−
∫ t

0
R(t− s)f(s, us)ds

=

∫ t+ω

t
R(s)f(t+ ω − s, ut+ω−s)ds

+

∫ t

0
R(t− s)[f(s+ ω, us+ω)− f(s, us)]ds

=

∫ t+ω

t
R(s)f(t+ ω − s, ut+ω−s)ds

+

∫ T

0
R(t− s)[f(s+ ω, us+ω)− f(s, us)]ds

+

∫ t

T
R(t− s)[f(s+ ω, us+ω)− f(s, us)]ds.

Hence, by the same calculation of the proof in Theorem 2.12, we get the
result.

Theorem 2.14. Assume that f : R+ × C → X is uniformly S-
asymptotically ω-periodic on bounded sets and asymptotically uniformly
continuous on bounded sets. Also, f satisfies the Lipschitz condition:

||f(t, ϕ1)− f(t, ϕ2)|| ≤ L||ϕ1 − ϕ2||
for all ϕ1, ϕ2 ∈ C and every t ≥ 0. If u ∈ SAPω(X) and LM

µ < 1, then

Eq. (1.1) has a unique S-asymptotically ω-periodic mild solution.

Proof. Define the operator Λ : SAPω(X)→ SAPω(X) by

Λu(t) = R(t)ϕ(0) +

∫ t

0
R(t− s)f(s, us)ds, t ≥ 0.
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Then

v(t) =

∫ t

0
R(t− s)f(s, us)ds

belongs to SAPω(X) by Lemma 2.13. For x, y ∈ SAPω(X),

||Λx(t)− Λy(t)|| ≤
∫ t

0
||R(t− s)[f(s, xs)− f(s, ys)]||ds

≤ LM
∫ t

0
e−µ(t−s)||xs − ys||ds

≤ LM

µ
||x− y||∞.

Therefore Λ is a contraction and there exists a unique fixed point u ∈
SAPω(X). This function u is an S-asymptotically ω-periodic mild solu-
tion of Eq. (1.1).
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